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Abstract. This paper is an adaptation of a chapter from an upcoming monograph on noncom- 
mutative geometry and quantum groups. We present examples of non compact quantum groups 
which are deformations of low dimensional Lie groups. The paper is of expository nature and 
provides both particular examples and some general procedures for constructing them. 



Introduction 

This article is devoted to the description of topological quantum deformations of a large class 
of low dimensional Lie groups. It mainly concerns the groups l az + V and 'ax + V of affine 
(orientation preserving) transformations of the complex and real line respectively. They form a 
family of interesting locally compact quantum groups and the methods of construction as well as 
analysis of these quantum groups bear a lot of similarities. It has to be emphasized, however, 
that those similarities are often superficial and do not allow easy transition from one example to 
another. 

One reason that we focus on the quantum l az + V and 'ax + V groups is that they do provide 
insight into many interesting phenomena of the theory of locally compact quantum groups, but 
are still relatively easy to construct and study. They will illustrate, in particular, some of the 
technical difficulties encountered in the process of constructing new examples of quantum groups 
on the C*-algebra level. These problems are related to realization various commutation relations 
by unbounded operators acting on some Hilbert space. In particular in the case of l az + 6' groups 
we will encounter the spectral conditions restricting spectrum of some operators to special subsets 
of C, while the 'ax + V groups will touch on the problems of extending symmetric operators to 
self adjoint ones. 

Another reason is that these "affine" quantum groups can be used as building blocks for further 
constructions. In Section [2] one example of such a construction is presented. It is the so called 
quantum double group construction. Applying this construction to one of the quantum l az + V 
groups we get a quantum deformation of GL(2, C). Moreover the double group construction will 
also be used in Section[3]to describe examples of two different quantum deformations of the Lorentz 
group. 

1. Quantum 'az + 6' groups 
1.1. Classical l az + V group. The classical 'az + 6-group is the group G of all transformations 

C3 zi — >az + beC 

where a and 6 are complex numbers with a ^ 0. It is convenient to realize C as a subset of C 2 via 

: : > \*) e C 2 . 



Then the G group becomes the group of all matrices of the form 

a b 



1 



with a =/= 0. 



Date: December 2, 2007. 

Research partially supported by KBN grant no. 115/E-343/SPB/6.PRUE/DIE50/2005-2008. 



1 



2 



W. PUSZ AND PIOTR M. SOLTAN 



The passage to a quantum deformation of this locally compact group means that we replace 
the algebra of continuous function vanishing at infinity on the group by some non commutative 
algebra. Let us take a close look at the undeformed algebra first. Consider the two functions 

a b\ ( a b\ , 

o ij^ a < [o i)^ b - 

With a slight abuse of notation we will call them a and b respectively. They are continuous, but 
certainly not vanishing at infinity. However, it is easy to see that the set of functions 

{f(a)g(b) : / G C (C \ {0}), g G C (C)} (1.1) 

is linearly dense in Co(G). In fact a, a~ 1 and b are affiliated with this C*-algebra and Cq(G) is 
"generated" by the three functions. The notion of "generation" we use here is quite involved. We 
refer to [18] for details of this concept. 

1.2. Quantum deformations. Quantum deformations of the l az + V group on the purely alge- 
braic level are labeled by a complex parameter and are introduced by considering an associative 
*-algebra A generated by three normal elements a, a -1 and b subject to the relations 

ab = q 2 ba and ab* = b*a, (1.2) 

where q is a fixed nonzero complex number. The algebra A can be endowed with a Hopf *-algcbra 
structure by definig the comultiplication 

A(a) = a ® a, 

(13) 

A (6) = a®b + b® I. 

In order to procede with the construction on C*-algebra level one must give a precise operator 
meaning to the relations (|1.2|) and construct the C* -algebra A "generated" by elements satisfying 
these relations. Moreover, this C*-algebra must then be endowed with a comultiplication A G 
Mor (A, A <g> A) acting on generators in the way prescribed by (| 1 .3|) . In particular this means that 
the operators A(a) and A(6) have to satisfy the relations of the form (|1.2p as well. It should be 
stressed that giving precise meaning to relations (1.2) and finding all operator solutions satisfying 
the relations will not be sufficient to have comultiplication on the algebra generated by a and b. 

The known approaches to solve these problems strongly depend on the value of the deformation 
parameter. Nevertheless they may be seen as realizations of a more general scheme which works for 
different special values of deformation parameter q. Any such value defines a self dual multiplicative 
subgroup r g of C \ {0}. Namely T q is the subgroup generated by q and {q lt : t G K} (the choice 
of q involves the choice of logarithm of q). The resulting quantum groups naturally form three 
families reflecting the three types of the "shape" of the corresponding subgroup. We will refer to 
them as cases (I) , (II) and (III) and the corresponding sets E of admissible deformation parameters 
will be denoted by Si, En and Em respectively, and we let E = Ei U En U Em. The three cases 
are described in Table [1] 

The quantum deformations l az + 6' group of type I and II were introduced in [21j and type III 
in[9]. 



Case 


Set E of admissible values of q 


Group T q 


(I) 


[e^w- : Ar = 6,8,...} 


bunch of N half lines 


(II) 


]o,i[ 


set of concentric circles 
with radii q n (n G Z) 


(III) 


{eT : 5ftp<0, % P =£, N = ±2, ±4, . . .} 


\N\ logarithmic spirals 



Table 1 . Types of deformations corresponding to values of q 



Figure [5] shows part of the set of admissible values of q in case (III). Examples of T q for different 
values of q are given in Figures Q] O EH and Q] 
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Figure 2. T q in case (II), q = 0.8 
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FIGURE 5. Values of q in case (III) (N = ±2, . . . , ±32) 



It is reasonable to conjecture existence of appropriate limiting procedures which connect the 
three families. However, so far, the three cases must be treated separately despite striking simi- 
larities one encounters in all three constructions. 

1.3. Weyl relations and Schrodinger pairs. For a fixed admissible q € £ we can give precise 
operator meaning to the commutation relations (|1.2|) . In order to do that we will first describe 
a canonical pair of operators which satisfy such type of relations. Remembering that T q is an 
abelian locally compact group we set H — L 2 (T q , /z) where [i denotes the Haar measure on T q . 
Let (S.R) be a pair of operators on H defined by 

(Rip)^) = 7-0(7), 

(Phase (S) (7) =V(<77), 

(|SP^)(7)= WS) 

for all ip 6 H and t G R. Then R = Phase (R) \R\ and S = Phase (S) \S \ are unbounded 
normal operators with trivial kernels. Therefore Phase (R) and Phase (S) are unitaries. Moreover 
SpR = T q = SpS where T q = T q U {0} is the closure of T q . Now one can verify that the 
commutation relations described in Table [2] are satisfied. 
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Case 


Commutation relations 


Case (I) 


Phase (S\ \R\ — \ R\ Phase 
IS") Phase (R) = Phase (R)\S\, 
Phase (S) Phase (R) = q Phase (R) Phase (R) 

\S\it\Rf = qi^Rf^f 


Case (II) 


Phase (S) \R\ = a\R\ Phase (S) 
1 5 1 Phase (ij) = g Phase (R)\S\, 
Phase (5) Phase (R) = Phase (i?) Phase (5) 
S*! and |i? strongly commute 


Case (III) 


Phase (5) |i?| = |g||i?| Phase (S) , 
|5| Phase (R) = \q\ Phase (J?) |S|, 
Phase (5) Phase (i?) = Phase (q) Phase (i?) Phase (R) 
|5|tt|ij|«' = Phase (g) _ttt '|ij| i *'|5| i * 



Table 2. Precise meaning of commutation relations between 5 and R 



One can prove that in each case the products SoR : RoS SoR* and R*oS are well defined, 
closable operators and their closures SR, RS, SR* and R*S satisfy relations fcf. (|1.2[) ) 

SR = q 2 RS, and SR* = R*S. 

The pair (S, R) constructed in this way is called the Schrddinger pair. This construction follows 
the construction of well known pair of position and momemtum operators of quantum mechanics. 
In this case the precise meaning of the Heisenberg canonical commutation relations is achieved by 
formulating them in the Weyl form using the selfduality of the M. N group. Since T q is a selfdual 
group a similar formulation is also possible in this case. 

The isomorphism of T q with its dual T q can be described by a non degenerate bicharacter on 
T q . In fact it can be shown that there exists a continuous function : T, x r, -» T 1 such that 

X(7>V) = X(Y»7)) 
X(l, il") = X(7, 7') X(7> 7") 

and 

X(«,7) = Phase 7, 

x(g i *,7) = l7r t - 

Then x is a non degenerate bicharcter on T q , i.e. it is a character with respect to each variable 
(with the other variable fixed) and the condition that x(7j7') — 1 f° r au 7 implies that 7' = 1. 

Remembering that the spectra of operators S and R from the Schrodinger pair are contained in 
T q and the point is of spectral measure for both R and S then by functional calculus of normal 
operators we obtain strongly continuous one parameter groups of unitary operators %(-R, 7') and 
x(S, 7). Now the relations from Table [2] can be written as 

x(s, 7) x(R, 7') = X(7, 7') x(R, 7') x(S, 1). (1.4) 

for any 7, 7' e T q . 

We refer to (|1 .4|) as the Weyl form of the commutation relations between S and R. This leads 
to the notion of a non degenerate q 2 -pair. 

A pair (S, R) of normal invertible operators acting on a Hilbert sapace H is called a non 
degenerate g 2 -pair if S and R satisfy spectral condition: SpR C T q , Sp S C T q and the relation 
(H) holds for all 7,7' e T q . 

Let us note that relations described in Table [5] are more general than the notion of a g 2 -pair. 
In fact they can be satisfied also by operators not fulfiling the spectral condition. On the other 
hand due to the spectral codition any non degenerate g 2 -pair is unique up to a multiplicity by 
Mackey-Stone-Von Neumann theorem, i.e. any non degenerate g 2 -pair is unitarily equivalent to a 
direct sum of some number of copies of the Schrodinger pair. 
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It is not difficult to consider more general (degenerate) q 2 -pairs, i.e. ones for which one or both 
operators have non trivial kernels. Such a general pairs play an important role in the case of 
quantum GL(2,C) and for the general definition we refer to Section [2] 

For the purpose of constructing the quantum ( az + V group, we will deal with pairs (a, b) of 
normal operators satisfying the spectral condition and such that at least a is invertble normal 
operator (kera = {0}), ker& is invariant for a and on the orthogonal complement of ker& the 
pair ( a | kerb j_ j ^| korb j_) is a non degenerate g 2 -pair. We will call such pairs semi-non degenerate 
q 2 -pairs. This is a precise operator meaning of the relations (|1.2[) . 

1.4. Algebra generated by a, a -1 and b. Having defined the commutation relations in com- 
pletely (operator) algebraic sense we can ask for existence of a universal C* -algebra encoding these 
relations. The precise statement is the following: 

Theorem 1.1. Let q £ £ be an admissible parameter (cf. Table Q]). There exists a unique 
C* -algebra A with three affiliated elements a, a^ 1 and b such that 

(1) a and b are normal, 

(2) Spa and Sp6 are contained in T q , 

(3) for any representation irof A the pair (jr(a), 7r(6)J is an semi-non degenerate q 2 -pair, 

(4) for any semi-non degenerate q 2 -pair (ao,&o) acting on a Hilbert space H there is a repre- 
sentation 7r of A on H such that 7r(a) = oq and 7r(6) = bo. 

The reasoning leading to the proof of Theorem 11.11 uses heavily properties of certain special 
functions, some of which we will describe later. The conclusion, however, can be stated in very 
plain words. The C*-algebra A of Theorem II .11 is simply the crossed product Co(T q ) x CT T q , where 
a is the natural action coming from multiplication of complex numbers. The elements b and a are 
the natural "generators" of Co(r ? ) and C*(T q ) respectively. 

1.5. Quantum group structure. We have constructed the C*-algebra A describing the "quan- 
tum space" of our quantum l az + b l group. In order to give this quantum space a group structure 
we need to define a morphism A € Mor (A, A ® A) corresponding to (II. 3| . It turns out to be quite 
a hard problem to solve. 

The biggest difficulty lies in forming the sum o ® b + b eg) /. Namely, this element should be 
affiliated to A <g) A and the pair (a (g) a, a <g) b + b ® /) should be an semi-non degenerate g 2 -pair. 
Unfortunately the sum a <S>b+ b ®I is not even a closed operator (in a Hilbert space representation). 

In order to deal with this problem one must return to Hilbert space considerations. We will 
define a special function ¥ q on T q such that ¥ q will be continuous and its values will be complex 
numbers of modulus one. In Table [3] we give formulas defining ¥ q in cases (I)— (III) . The auxiliary 
function /o used in case (I) is defined as 

oo 

/o(,)=exp(l/log(l + t-f)^), 



where N is the even natural number determining q for this case. 

Let us stress here that in order to unify the treatment of cases (I), (III), and (III) we must 
introduce in case (I) a different special function from the corresponding one used in [21] . Namely 
we have in case (I) 

F,( 7 ) = i^v(g- 2 7 ) 

for all 7 6 T q (where Fn is the special function considered in [2T], cf. also Section^. 
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Case 


Special function ¥ q 


Case (1) 


F,(7) = < 


ftfe^)^ forfc-even, 

s k _\ ^ ' where q 2 "f = q k r 
fl (^ q CX)fo(r) forfc-odd, 


Case (II) 


OO ok 

f 9 (7) = n 

fc=0 


Case (III) 


f 9 (7) = n 

fc=0 


Table 3. Special functions ¥ q 



The most important features of the function ¥ q are contained in the next theorem. 

Theorem 1.2. Let (S,R) be a non degenerate q 2 -pair. Then 

(1) the sum S + R is closable and its closure S + R satisfies 

S + R = W q (RS- 1 )*SF q (RS- 1 ) = ¥ q {R- 1 S)R¥ q {R- 1 S)*. 

In particular S + R is a normal operator with spectrum contained in T q . 

(2) We have the exponential property: 

¥ q (S + R) =¥ q (R)¥ q (S). 

(3) We have the multiplicative property: 

¥ q (RS) = ¥ q (R)*¥ q (S)¥ q (R)¥ q (Sy. 

The function ¥ q is referred to as the quantum exponential function. This name is justified by 
point © of Theorem Q (cf. [20]). 

Using Theorem 11.21 one can prove that for any C*-algebra A and any two affiliated elements 
an A, brj A such that (a, b) is semi-non degenerate g 2 -pair (in the sense that they form such a pair 
in any representation of A) the elements a + b and ab are affiliated with A. In particular we have 

Proposition 1.3. Let A be the C* -algebra described in Theorem ] 1 . 1\ and let a, 677 A be the elements 
described in that theorem. Then the element a ® b + b <g> J is affiliated with A® A. 

Now we can describe the main element of the quantum group structure of our quantum l az + V 
groups. We have 

Theorem 1.4. Let A, a and b be as in Proposition \1.3\ Then there exists a unique A G 
Mor (A, A® A) such that 

A(a) = a <8> a, 

A(b) — a<g)b + b® a. 

Theorcm ll.4l can be proven directly. It is a consequence of the universal property of A. However 
one can also put in some more work and obtain the following: 

Theorem 1.5. Let H be a Hilbert space and let (a, b) be a non degenerate q 2 -pair of acting on 
H. Then the unitary operator 

W = ¥ q {b- 1 a®b) X {b~ 1 ®J,J ®a) (1.5) 
is a modular multiplicative unitary. Moreover 

W(a ® I)W* =a®a, 

W(b ® I)W* = a®b + b®a 
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and the C* -algebra 

f , .,\ T tt -t-./tt\ i norm closure _ * 

{(uj®id)W : uj e 3(H)*} (1.6) 
is isomorphic to the C* -algebra A described in Theorem The operators a, a -1 and b are 

affiliated to (jl.6|) . 

Modular multiplicative unitaries provide a very convenient framework for constructing new 
examples of quantum groups. Given W we can construct our quantum group. This procedure 
is described in [T51 [Tu] . Thus having chosen q from one of the sets in Table [T] we can define a 
multiplicative unitary W by formula (| 1 . 5ft . The quantum group obtained from W is then called 
the quantum 'az + b' group for the deformation parameter q. 

One needs to do some extra work in order to arrive at the level of locally compact quantum 
groups as defined in [2]. More precisely we need to find Haar weights for our quantum L az + V 
group. Let us recall that is not known whether every quantum group arising from a modular 
multiplicative unitary is a locally compact quantum group (the converse, however, is true). In 
the case of quantum l az + V groups the problem of existence of Haar weights has been solved 
successfully by A. Van Daele and later by S.L. Woronowicz ( |12[ 12!?] ). 

1.6. Locally compact quantum group structure. According to the general theory ([19, 10J ) 
a modular multiplicative unitary gives rise to an object (A, A) which has many (in fact most) 
features of a locally compact quantum group. In particular, for our quantum l az + b' groups we 
have the scaling group 

r t (a) = a, 
T t {b) = q 2 H, 

the coinverse and unitary coinverse 

n(a) = a -1 , a R = a -1 , 

K (b) = -a-H, b R = -qa^b. 

We can examine the reduced dual quantum group to find that it is isomorphic to the opposite 
quantum group (the same quantum group with opposite comultiplication). Finally one can show 
that the reduced dual is also the universal dual (cf. [2"Tl 151 IB]). 

It turns out that the framework of modular multiplicative unitaries can be very well suited to 
study the question whether (A, A) is a locally compact quantum group as defined in [2] . Recall 
from the definition of modularity (Definition [TOj Definition 2.1]) that there is a positive self adjoint 
operator Q on H such that 

W*{Q®Q)W = Q®Q, 

where Q satisfies the other conditions of definition of modularity of W . From the results of [52] 
we know that the formula 

h : A+ 3 c i — > Tr(Q*cQ) € [0, oo] 
defines a weight on A which is right invariant. It is the right Haar weight if it is locally finite 
(finite on a norm dense subset of ^4+). 

It turns out that in the case of the modular multiplicative unitary W defined by (|1.5|) the 
operator Q is simply equal to Moreover since (|1.6|) is the crossed product Co(r 9 ) x: r g , it 
contains the linearly dense subset 

{f(a)g(b): feCo(r q ),geC (T q )} 

(cf. p.ip ). We can compute h(c*c) for c of the form 

c = f(a)g(b). 

Using the Haar measure fi on T q we have 

Hec) - J |/( 7 )| 2 ^(7) / 13(7)| 2 |7| 2 ^(7) (1-7) 



in 
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(the point G T q is of measure 0). 

It is now quite obvious that the set {c G A : h(c*c) < 00} is norm dense in A and so h 
defined by (|1.7[1 is the right Haar measure of the quantum l az + V group. The left Haar measure 
is h L = hoR. 

Finally let us note that the quantum ( az + V groups provide illustration for the phenomenon 
forseen by the theory of locally compact groups ([2]) of existence of the so called scaling constant 
(cf. 0). 

As we know from [SJ Proposition 6.8.3] there exists a positive number v such that hor t — v h. 
This number is equal to 1 in most examples. It was noticed first by A. Van Daele ([H]) that for 
quantum 'az + V groups we may have v 5^ 1. More precisely 

v= | 9 4l | 

so for q not real the scaling constant is different from 1. 

2. Quantum GL(2, C) group 

When attempting to construct a quantum group on the C*-algebra level one starts very often 
with generators and relations. Then detailed inspection of an operator meaning of the relations 
allows to describe an universal C* -algebra corresponding to given set of generators and relations 
or additional constraints such as spectral conditions imposed on generators. The proper operator 
meaning of the relations ensures also the existence of a group structure (comultiplication, counit 
and coinverse (antipode)). 

On the other hand one can look for general constructions allowing to construct new more 
complicated examples starting from known simpler ones. The quantum double group construction 
is of this type. It may be applied to the quantum l az + V groups described in the previous section. 
To be more concrete we shall consider the first family of quantum l az + V groups i.e. admissible 
deformation parameter is a special root of unity, q G Si. The purpose of this section is to show that 
the new quantum group obtained as a result of the construction we obtain a quantum GL{2, C) 
group at roots of unity. In fact we shall see that both approaches to constructing quantum 
GL(2, C) give the same quantum group. The exposition is based on [7]. To simplify presentation 
we shall focus only on constructing underlying C* -algebras and comultiplications. 

2.1. The first construction. The classical GL(2,C) group is a collection of all invertible matri- 
ces 

'a 0\ 

Let A be the *-algebra of commutative polynomials on GL{2, C) generated by four normal 
elements a, /3, 7 and 5 subject to the relation 

dot := aS ~ 7/? is invertible. 

The group structure of GL(2, C) leads to the unique comultiplication 

A : A — ► A® A 

such that 

A(a) = a®a + /3®7, A(/3) = a <8> /3 + (3 ® S, 
A(t) = 7 ® a + 5 ® 7, A(<5) = j<3f3 + 5®S. 
It turns out that (A, A) is a Hopf ^-algebra with counit e and coinverse k are given by 

e(a) = l=e(S), e(/3) = = e( 7 ), 
k(o) = det~ 1 5, k{0) = -det^ 1 /?, 
^(7) = — det _1 7, k(5) = detect. 

On the Hopf algebra level GL(2, C) admits a large two-parameter family of standard quantum 
deformations known for a long time (|14j). The considered quantum GL(2,C) at roots of unity 
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corresponds to one-parameter subfamily of the standard deformations which can be described as 
follows: Let as before 

q = e^\ N = 6, 8, 10,... 

and a, (3, 7, 5 be elements subject to the relations: 

a/3 — q 2 f3a, aj = 7a, 

j5 = q 2 5-/, (35 = 513, 

1 [3 = q 2 f3 1: 
aS - 5a = (q 2 — l)j3y. 

Define 

det := aS — 7/?, 
which will be the quantum determinant. Then also 

det = 5a — f3j 

and 

adet = deta, Met = det<5, /3det = g~ 2 det/3, jdet — g 2 det7. 

Assume that det is invertible, i.e. 

det" 1 (a5 - 7/3) = (aS - 7/?)det -1 = /. 

Let .4 ho i be the algebra generated by det -1 and four elements a, (3, 7 and 5 satisfying above 
relations. One can check that: 

N N N N 

• a~ , (3~ , 7~ , 5~ are central elements of -4 ho i- 

(ao — 7pJ 2 = a 2 2 — ^ 2 fj 2 ^ 



• det'' 



[pa — P7j 2 = 2 a 2 — p 2 7 ; 



• det is not in the center of -A ho i but det 2 is a central element of _4 hol . 

Now A defined in a standard way (as in the classical case) respects above relations and (*4hoi, A) 
is a Hopf algebra with counit and coinverse described by the same expressions as given in the 
classical case. It corresponds to deformation GL q 2^ 1 (2,C) in notation of [2]. Moreover det is a 
character, A(det) = det (g> det and 

. . N_ . N_ N_ N_ N_ 

A(a 2 ) = a 2 <S> a 2 + p 2 <g) 7 2 , 
A(p- ) = a~ ® (3~ + (3~ ® 5~ , 
A(7 2 )=7 2 ® a 2 + 2 <8> 7 2 , 
A(5tt ) — 7^ ® (3~2 + 5^ <g> 5 "2". 

A ^-structure is obtained by "complexifying" .4 ho i. More precisely let .4 be the *-algebra 
generated by a,(3,j,5 and det -1 satisfying described relations and 

cc' = c'c for any c e {a, (3, 7, <5} and c' € {a*, /?*, 7*, <5*}. 

Then 

• ^Ihoi is a subalgebra of A>- 

• A is identified with „4 ho i ® ^hoi by the multiplication map 

Aoi ® -4h ol 3 a <g> 6* 1 — > ab* E A a . 

• a, /3, 7, 5 and det are normal elements of A - 

• a" 2 " , p"2 , 7^" , o^ 2 " and det 2 are central elements of A . 

• The formula A(a6*) = A(a)A(6)* extends A to A Q . 
This way (A , A) becomes a Hopf *-algebra. 

It turns out that A can not be used as the starting point for the description of quantum 
GL(2, C) on the C*-algebra level because the existence of the comultiplication is not guaranteed. 
To finish the construction of the proper Hopf *-algebra we impose the hermiticity conditions 
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N N N N 

following the construction of quantum l az + V group: elements a~ , p~ and 5~ are hermitian, 



i.e. 



(7 2 ) = 7 2 7 (0 2 ) = * 2 • 

Let us note that 

• ol~5 and {cfi )* have the same commutation relations with all generators of A (both are 
in the center of A ) and relation (a~z)* = is compatible with the algebraic structure 
of A - The same holds for the remaining relations. 

• (det^)* = det^. 

• Hermiticity of A(a~), A(/3~), A(-y~) and A(S~) follows. 

Therefore the hermiticity conditions are compatible with algebra and coalgebra structures. Now 
let A be the *-algebra generated by five normal elements a,/3,7, 5 and det" 1 satisfying relations 
and hermiticity conditions. Then (A, A) is a Hopf *-algebra. 

In particular 

'a /3> 
v7 

is a two dimensional corepresentation of (A, A). 

The Hopf *-algebra (A, A) is called the algebra of polynomials on the quantum GL(2, C). Now 
we shall assign precise operator meaning to the commutation relations. At first we observe that 

• a, /3, 7, 5 and det are normal operators. 

• By hermiticity conditions a" 5 ", p" 5 " , 7"2" , and det 2 are selfadjoint operators. This im- 
poses spectral conditions localizing spectra of a, f3, 7, 5 and det: 

Sp a, Sp (3, Sp 7, Sp<5, Spdet c T q , 

where T q is the subset of C considered in the construction of quantum l az + V group (see 
Subsection 1 1.2|) . 

Next we should give the precise meaning to the relations of the form 

XY = q 2 YX and XY* = Y*X, 

where X and Y are normal operators on a Hubert space H, and SpX, Sp7 C T q . 

The reader should notice that under additional assumption of invertibility of X and Y this 
reduces to problem of (S 1 , R) pairs considered in Subsection 11.31 and solved by introducing the 
Weyl form of the above commutation relations. We can follow this idea also in more general case 
(without assumption of invertibility) and such pair (X, Y) will be called a g 2 -pair on H. 

Extending the bicharacter \ from T q to T q by a formula 

x{z,z') for z,z' e T q , 
otherwise. 



we define a measurable symmetric function \ '■ F ? X T q — > T 1 U {0}, such that 

X(zz' > z")=x(z > z")x(z',z") 
for any z, z' , z" € T q . Then for z' £ T q and a normal operator X on H with SpX C T q we obtain 

x(X, z') — (unitary operator) © 0. 

Moreover 

X(zX, z') = x(z,z')x(X,z'). 
Now by definition a pair (X, Y) of normal operators acting on a Hilbert space H is a q 2 -pair on 



H if 



(1) Spier,, s P ycr, ; 

(2) x{X, z)x(Y, z') = X (z, z')x(Y, z')x(X, z) for any z, z' e T q . 
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We let T>h denote the set of all g 2 -pairs on H . 

One can easily show that any g 2 -pair (X, Y) on the Hilbert space H is a direct sum of at most 
four components of the form 

I = 59l o ffi0ffi0, 
Y = R® o © y © o, 

where R, S, X Q and Y Q are normal invertible operators with spectra localized in T. Remembering 
that irreducible (S, R) pair is unique (the Schrodinger pair) this gives the complete description of 
a general q 2 -pair. 

The components of a g 2 -pairs despite being in general unbounded, behave in a very regular 
way with respect to the multiplication and addition operations. In particular let us mention the 
following results for (X, Y) G V^: 

• The compositions X oY, YoX, X oY* , Y* oX and Y*oX* are densely defined closeable 
operators and denoting by XY, YX, XY* , Y*X and Y*X* their closures we have 

XY = q 2 YX, XY*=Y*X, (XY)*=Y*X*. 

Moreover 

- XY is a normal operator, Sp XY C T q and XY is invertible if and only if (X, Y) is 
non-degenerate. 

- (X*,Y*), (XY,Y) and (X,YX) are g 2 -pairs on H. 

- If X is invertible then (Y, X^ 1 ) 6 T>h- 

- If Y is invertible then (y _1 ,X) € V H - 

• X + Y is a densely defined closeable operator, its closure X + Y is a normal operator with 
Sp(X + F) cf,. Moreover 

J Fjv^-^)*^^^- 1 ^) if X is invertible, 
X + Y = | FAr^y-^FFTv^y- 1 )* if Y is invertible. 

In particular X + y is an invertible operator if X or Y is invertible. 
. F w (y + X) = F N (Y)F N (X) 
In the above equations Fn is the quantum exponential function related to the exponential function 
¥ q introduced in Table [3] for the case (I) of quantum l az + 6' group by the formula 

F,( 7 ) - F N (q k r) 

where q~ 2 ~f = q k r. 

Products and sums of operators forming g -pairs play an essential role in the further discussion. 
First we consider implications of the invertibility of the quantum determinant. In contrast to the 
classical case invertibility of S and a follows as a result of simple observations: 

• kevS = ker<5* is invariant under the action of 7/3, (Pj)*,det and det* therefore ker<5 is an 
invariant subspace for det + 7/3 and det* + (/37)*. 

• formulae a6 = det + 7/? and a* S* = det* + (py)* indicate that 

det + 7/3 = 0, and det* + (/3 7 )* = 

on kerJ C (kera<5) (~l (kera*<5*). 

• det + 7/3 = det + f3j on ker 5. 

• 07 = since 7(3 = q 2 P7- 

• det = on ker S. 

• ker S — {0} due to invertibility of det, i.e. S is an invertible operator. 

• In the same manner a is an invertible operator. 

Now we are ready to give a precise operator meaning to all commutation relations. These are 
encoded in the notion of G-matrix. 

In the classical case the determinant is expressed in terms of matrix elements, but in our 
approach it turns out to be more convenient to include the quantum determinant det into the set 
of parameters and then determine one of the matrix elements. In the definition bellow a is such 
a distinguished element (equivalently one can use 5.) 
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Consider a matrix 

(; f) <m> 

where a, (3, 7 and 5 are normal operators acting on a Hilbert space H. 

Definition 2.1. We say that (|2.1|) is a G- matrix whenever there exists a normal operator det 
such that 

(1) Sp/3, Sp7, Sp<5, Spdet c T q ; 

(2) 6 strongly commutes with and det; 

(3) (7, P), (7, (det, (3), (7, det) are q 2 -pairs; 

(4) det and 5 are invertible operators; 

(5) If x G D{8) n D(-y/3) n D(det) then S(x) G D(a) and 

a<5(x) = det(x) + 7/3(x). 

One can show that 

• If det exists it is unique. 

• The fifth condition implies a stronger (therefore equivalent) form 

a = det5" 1 +7^" 1 . 
Consequently a is determined and satisfies the relations: 

- Spa C r g ; 

- a is an invertible operator; 

- a strongly commutes with 7 and det; 

- (a, (3) is a q 2 -pair; 

- The set D a := {x G D{6) n D(*y/3) : S(x) G D(a)} is a core for det and 

det(x) = aS(x) — 7/3(x) 

for any x G D a . 

The basic fact concerning the G-matrices states that tensor product of two G-matrices is again 
a G-matrix. More precisely, let 

( ai Pi\ ( a 2 P 2 \ 

be G-matrices on Hilbert spaces Hi and i?2 respectively and 

~ _ fa f3\ _ (a x ® a 2 + Pi ® 72 «i ® /?2 + /?i ® 6 2 \ 
(7 J J ' \7i ® a 2 +61 <8 72 71 ® /?2 + ® <5 2 / 

Then u is a G-matrix on f/i ® 7?2 ■ Moreover 

det = deti £g> det 2 

where det, deti and det2 are the corresponding quantum determinants for u, u\ and u 2 respectively. 

To reveal the consequence of this fact assume that the universal G* -algebra B generated by 
G-matrices exists. Then due to the universality of B (since the matrix elements and quantum 
determinant of the right hand side matrix are affiliated with B (g> B) , there exists a unique A G 
Mor (B, B<Z> B) such that 

A (or) = a®a + /3®7, A(/3) = a <g> /? + /? <g> <5, 
A (7) = 7 (g) a + (5 (8)7, A(<5) = 7 ® /? + 5 <8> 5. 

Then one shows that A is coassociative. Therefore A is a comultiplication. 

Universal G*-algebra B related to G-matrices is generated by a,P, 7, 8 and det^ 1 and cor- 
responds to "the algebra of continuous functions vanishing at infinity" on the quantum group 
GL„2 1 (2, C). The existence of such an algebra follows from the fact that if (|2.ip is a G-matrix on 
a Hilbert space H and C is a non degenerate C*-subalgebra of B(H) then 

(a, P,j, 5, det' 1 t]C\ ^> (fid- 1 , 7, 6, S^^etS- 1 , det' 1 6 rjC) 
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This means that 

• f35~ 1 1 7, S, <5 _1 , det<5 -1 and det~ 1 S also parameterize G-matrices; 

• ((5 _1 ,7), (det<5 _1 ,/W —1 ) are g 2 -pairs and J _1 ,det<5 _1 are invertible; 

• 7 and S^ 1 strongly commute with f38~ l and detJ -1 . 

Therefore B should be a tensor product of two copies of the G* -algebra A generated by a q 2 - 
pair (X, Y) where X is invertible. The reader should notice that such an algebra was described in 
Subsection 11.41 and corresponds to the "algebra of continuous functions vanishing at infinity" on 
quantum 'az + V group. It coincides with the crossed product algebra Coo(r g ) x CT T q . Therefore 



and (B, A) is the quantum GL(2, C) group at roots of unity on the C*-algebra level. 

2.2. Quantum GL(2, C) as a double group. Let us now turn to the second description of the 
quantum GL(2, C) group at roots of unity. It is based on the double group construction (cf. [S]). 

The quantum double construction was introduced by Drinfeld [T] in the framework of deformed 
enveloping algebras. Podles and Woronowicz proposed [J] its dual version, the double group 
construction, which is more useful in C*-algebra approach. It involved a compact quantum group 
and its dual. In fact, this type of construction can be applied in more general situation. In 
particular such a construction may be described in terms of modular multiplicative unitaries. 

To gain a better understanding of the double group construction we shall describe underlying 
classical situation first. 

Assume that G is topological group and K, K its closed subgroups such that the maps 



are homeomorphisms. Then 

<7* := <p~ l oi}) : K x K — ► K x K 

is a homeomorphism compatible with multiplication rules in K and K respectively. Moreover <j* 
encodes group structure of G in terms of that for K and K: 



B :=A®A 



4> 



K x K 3 (x, x) 
K x K 3 (x, x) 



x -x G G 
x ■ x e G 



where 



Conversely starting with topological groups K, K and a homeomorphism a* compatible with group 
structures of K and K one can put a group structure on K x K using above formulas. This way 



a new group G, the twisted product of K and K, is constructed. 
The main steps of the quantum double construction are as follows: 




(id® A)W = Wis Wis, 
(A®id)W = W 23 W 13 . 
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for any x d A and x G A and 

A := (id cr(g) id) (A A). (2.3) 
Then A s Mor (B, B g) B) and it is coassociative. The double group build over K is by definition 

G = (B,A). 

The double group construction can be nicely described in the framework of locally compact 
quantum groups. The formula for the multiplicative unitary defining the double group in terms 
of the Kac-Takesaki operator of the original quantum group can be found in [3] . Let us note also 
that similar ideas are basis of introducing of matched pairs considered e.g. in 

Now we apply above construction to build the double group over 'az + b' quantum group. 



Quantum l az + V group 


Dual of quantum l az + V group 


(a, b) - q 2 -pair, a - invertible 


(b, a) - g 2 -pair, a - invertible 


A(a) = a (g a 

A(6) = a®b + b® I 


A (a) = a®a 

A (6) = a g) S-j-Sig I 


~(; 9 


s = (s ") 


K=(A,A) 


£ = (A,A) 



Table 4. Ingredients for the double group construction 



It is known that v and v are two dimensional fundamental representations of K and K respec- 
tively. Moreover the crossed product algebra A is isomorphic to A, A = A (cf. [21] and Section 
[[J. Therefore 

B = A®A = A®A. 

Let 

W = FNiba^ 1 g)6)x(a _1 g)/,/g) a). 

Then W is a bicharacter on K x K. This way we get a quantum group G = (B, A). 

Now we shall show that this new group coincides with that obtained in the first approach. 
Clearly C* -algebras are the same in both cases. It remains to prove that the comultiplications 
coincide. To this end let us define a matrix 

a (3 
7 S 

i.e. u = v®v. At first let us discuss the problem of whether u is a G-matrix. The right hand 
side of the above expression can be regarded as a Gauss decomposition for u. This decomposition 
leads to considering two important types of G-matrices: 

(1) X-matrices: 

'a b\ 
,0 I)' 

where a and b are normal operators acting on a Hilbert space H such that (6, a) is a g 2 -pair 
and a is an invertible operator. Then the matrix v is a G-matrix. In this case det = a. 
More precisely a G-matrix u is called ii"-matrix if and only if 7 = and 5 = 1. 

(2) i^-matrices: 

~ (1 o\ 
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where a and b are normal operators acting on a Hilbert space H such that (a, 6) is a g 2 -pair 
and a is an invertible operator. Then the matrix v is a G-matrix. In this case dct = a. In 
other words a G-matrix u is a if- matrix if and only if a — I and (3 = 0. 
It turns out that u is G-matrix if and only if it is of the form u — vv where v and v are K- 
and if-matrices respectively and matrix elements of v commute with those of v. Moreover the 
decomposition is unique. 

Now it is interesting that u is representation of G, i.e. the new comultiplication A (cf. (|2.3[0 
acts on matrix elements of u in the standard way: 

A(a) = a<8 a 4-/3® 7, A(/3) = a ® /? 4- 8> 5, 
= 7® a + 5 8) 7, A(5) = 7 ®> /3 + (5 ® <5. 

Remembering that w and u are (co)-representations one has to check only that the compatibility 
condition 

(id (8 a)(vG)v) = vQ)v 

holds. In expanded form 

(id <g a) 



a b 
I 



i.e. 









■(.' 


7 + 6 8)6) = 


/ 8> a, 


cr(6 8) a) = 


f® 6, 


cr(J® 6) = 


6 8> a, 


tr(J <8 a) = 


a (81 + 




The result follows from the properties of W. 

This shows that both comultiplications coincide on generators. Therefore on the G*-algebra 
level the quantum GL(2, C) group at roots unity coincides with the double group build over 
quantum l az + V group. 

3. Quantum Lorentz groups 

Let us now turn to other examples of quantum groups. Historically compact quantum groups 
were the first objects of investigation, but since the theory of compact quantum groups is by now 
relatively well developed we shall focus on non compact examples. 

3.1. Quantum Lorentz group with Iwasawa decomposition. This quantum group was con- 
structed and studied in pf]. It is closely related to the quantum SU(2). More precisely quantum 
Lorentz group is the double group built over SU q (2) for a deformation parameter q £ [— 1, 1] \ {0} 
(cf. [15]). The double group construction was described in Subsection 12.21 

The ingredients for the construction are the quantum SU{2) group (A, A) = (A c , A c ) (subscript 
"c" stands for "compact") introduced in [15], its dual (A, A) = (Ad, Ad) ("d" for "discrete") and 
a bicharacter W € M(Ad (8 A c ) given by 

where the sum is taken over all classes of non isomorphic, finite dimensional representations u s of 
SU q (2) (cf. [15] and [4]). The algebra Ad is generated by affiliated elements ad and rid satisfying 
relations: 

a* d a d = a d a d , 
adnd = qn d a d , 
n d a* d = q~ l a d n d , 
n dn* d = K n d + (1 - 9 2 )((a>d) _1 - a* d a d ) . 
The analog of Table Q] is the following: 
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Quantum SU(2) group Dual of quantum SU(2) group 



(a c ,7 c ) - generators of A c 

A(a c ) = a c (g) a c - 07* ® 7 C 
A (7c) = 7c ® a c + a* c ® 7 C 



«c -97c 

7c a c 



(a^, n<j) - generators of A d 

A(a d ) — a d <g>a d 

A(n„) = a d ®n d + n d <g> a^ 1 



, a d n d 
Wd= ' aT 1 



Table 5. Ingredients for the double group construction 

The morphism a is introduced by formula (|2.2j) (cf. Subsection 12. 21) . 
The fundamental representation of the quantum Lorentz group is the matrix 

'a p 

where a, 0, 7 and 6 are unbounded elements affiliated with the C*-algebra A <g> A satisfying a 
long list of relations (equations (1.9)— (1.25) of [4]). The Iwasawa decomposition property of the 
quantum Lorentz group means that 

w = w c w d , 

where w c and w d are introduced in Table O 

The commutation relations between a, (3, 7 and S can be derived from those for matrix elements 
of w c and w d . In particular, matrix elements of w c commute with matrix elements of w d and their 
adjoints and all these matrix elements are affiliated with the algebra generated by a, /?, 7 and 5 
(for details cf. 0]). 

3.2. Quantum E(2) group. Quantum E(2) group was the second example of a non compact 
quantum group. It is a deformation of the (two fold covering) of the group of motions of the 
Euclidean plane. Its algebra was generated by two elements v and n with v unitary and n normal. 
The defining relation 

vnv* = qn, 

(where < q < 1 is the deformation parameter) turned out not to be sufficient to have a comul- 
tiplication 

A(v) =v®v, 

A(n) = v <E) n + n®v* . 

It was necessary to introduce a spectral condition. More precisely the comultiplication exists on 
the C*-algebra level if and only if Spn C C 9 , where 

C q = {z E C:\z\E q Z } U {0}. 

This was the first example of a phenomenon which appeared in the theory of C* -algebraic quantum 
groups and was not present in the Hopf algebra picture. 

This quantum group was defined and investigated in [16 . Its Pontriagin dual was found and 
identified with a deformation of the group of transformations of the plane generated by translations 
and dilations. 

The dual quantum group (A, A) is a little more complicated to describe. The algebra A is 
generated by two affiliated elements N and b, where N is selfadjoint and b is normal with polar 
decomposition b = u\b\ such that N and |b| strongly commute and uNu* — N — 21. Moreover the 
joint spectrum of (N, \b\) is contained in the set S 9 , 

S g = {{s,q r ) : s S Z, r £ Z+ §}. 
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The comultiplication on A is given by 

A(N) = N®I + I®N, 

A(b) =b<g> q^ N if?"® b. 

The paper [13] is devoted to a direct proof that the dual of this last quantum group is the quantum 
E(2), i.e. the Pontriagin duality holds. 

3.3. Quantum Lorentz group with Gauss decomposition. The double group construction 
applied to the quantum E(2) group gave a quantum Lorentz group which was different from the 
one described above. Its characteristic feature was the so called Gauss decomposition. Again this 
means that the fundamental representation decomposes 

(" f) - (; ;•) (; °) - <»> 

where v and n are the generators of the quantum E(2), N and b are the generators of the dual 
quantum group (described in Subsection 13. 2p and q g]0, 1[ is the deformation parameter. 

N 

Moreover a = q~ , where N is a self adjoint element affiliated with the algebra generated by 
a and b and Sp N C Z. The matrices appearing on the right hand side of (|3.ip are fundamental 
representations of the quantum E(2) and its dual respectively. The last ingredient of the double 
group construction - the bicharacter W £ M(A <g> A) is given by 

W — ¥ q (qi N b ® vn) (I $ v) N01 , 

where ¥ q is the quantum exponential function studied in Subsection 11.51 (case (II)). 

Again we can group ingredients for the double group construction in the following table: 



Quantum E{2) group 


Dual of quantum E(2) group 


(v,n) - generators of A 


(N, b) - generators of A 


A(v) = v ® v 


A(N) = iV®/ + /(g)7V 


A(n) = v®n + n(Z>v* 


A(b) = b®q^ N + q~^ N <g> b 


(v n\ 


^ fq? N \ 


V= {0 v*) 


V= {b r i») 



Table 6. Ingredients for the double group construction 



As described in Subsection 12.21 we also need a morphism a S Mor yA ® A, A® Ay It is 

given, as before, by formula (|2.2[) . The quantum group resulting from applying the double group 
construction is the quantum Lorentz group with Gauss decomposition, It was first defined and 
studied on C*-algebra level by S.L. Woronowicz and S. Zakrzewski in [2"5] , 

4. Quantum 'ax + V group 

The section is devoted to a description of locally compact quantum groups that are related to 
classical group G of affine transformations l ax + V of real line. This is one parameter family of 
deformations where the deformation parameter q 2 runs over an interval in the unit circle. 

Such a quantum 'ax + V groups for some special values of a deformation papameter was pre- 
sented first in [24] . In our presentation we shall follow [8] where the more general family was 
constructed. The reader should be warned that despite the similarity of notation used in the fur- 
ther consideratins to that used in construction of quantum 'az + V groups the investigated objects 
have quite different properties. 

Let us recall that on the classical level G consists of all maps of the form R3xi-^ax + b£~B>, 
where a and b are real parameters. Moreover we shall assume that a > 0. In what follows 
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by the same letters we shall denote also two unbounded real continuous functions on G defined 
by assigning to any element of the group the corresponding values of the parameters. Then 
the functions a and b may be considered as elements affiliated with the C*-algebra Cq(G) of all 
continuous vanishing at infinity functions on G and one can check that Co (G) is generated by log a 
and b: 

norm closed 

C (G) = {f(\oga)g(b) :f,ge C (M)} lincar onvclopc . 
Now the group composition rule leads to the formulae describing the comultiplication: 

( A(o) = a® a, 

1 A(6) = a®b+b® I. ^ ' ' 

For further generalizations it is important to note that G equivalently can be realized as the 
group of unitary operators acting on a Hilbert space. More precisely, any affine transformation 
we identify with the unitary operator V(a, b) € B(L 2 (M.)): 

[V(a,b)f](x) = o-Va/ (a~\x - b)) 

where / S L 2 (]R). Impose the strong operator topology on the set of all such operators. Then this 
identification preserves the group structure and topology. Therefore G may be identified with the 
set of unitary operators: 

G = {V(a, b) :a,ieM;a>0}. (4.2) 

Clearly 

V{axM) V(a 2 , b 2 ) = V{a i a 2 ,a x b 2 + h). (4.3) 
Let IC(H) denote the C*-algebra of all compact operators acting on a Hilbert space H. It is 
known [18] that the strongly continuous family of unitaries (|4. 2|) is described by a single unitary 
V £ M(K.(L 2 (R)) ® C (G)). Moreover C (G)) is generated by V and formula JO) means that 

V(a <8>I,b® I)V(I <8>a,I®b) = V{a <g> a, [a ® b + b <8> J]). (4.4) 

Now using leg numbering notation and formula (14. ip we get 

(id® A)V = V 12 V 13 . 

For any C*-algebra A a unitary element V € M(K,(K) <E> A) may be considered as a "strongly 
continuous" quantum family (labelled by the quantum space related to A) of unitary operators 
acting on the Hilbert space K. Now the above considerations lead to the notion of quantum group 
of unitary operators. 

Definition 4.1. Let A be a C*-algebra, K be a Hilbert space and let V be a unitary element of 
M (fC(K) ® A). Assume that 

(1) A is generated by V. 

(2) V is closed with respect to operator multiplication, i.e. there exists a morphism A e 
Mor (A, A® A) such that 

(id® A)V = V 12 V 13 . (4.5) 
Then we say that (A, V) is a quantum group of unitary operators whenever the pair (A, A) is a 
quantum group, i.e. (A, A) is related to some modular multiplicative unitary operator. 

Let us note that by generating property any morphism A 6 Mor (A, C) is determined by the 
value of (id <£> A) on V. Therefore there is at most one A S Mor (A, A® A) satisfying (|4.5j) . On 
the other hand if A exists then it is co-associative. Indeed, Ai = (id ® A)A and A2 = (A ® id)A 
are both elements of Mor (A, A <E> A <E> A) and 

(id <g> Ai)V = ^12^13^14 = (id (8 A 2 )F. 

Therefore they coincide on V and Ai = A 2 . This means that (A, A) is a C*-bialgebra and V is a 
co-representation. Now it remains to study whether G = (A, A) is a quantum group. 
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Using the concept of a quantum group of unitary operator we shall describe a quantum defor- 
mations of 'ax + 6' group. To this end, at first functions a and b are replaced by a pair of non 
commuting selfadjoint operators a = a* > and b — b* such that 

ab = q 2 ba 1 (4.6) 

where q 2 is the deformation parameter. We assume that q 2 is a complex number of modulus 1. 
Clearly a and b are unbounded operators and the above formula is rather formal due to domain 
problems. The precise meaning of (|4.6[) is clarified by the so called Zakrzewski relation (cf. [2U]). 

Definition 4.2. Let i? and S be selfadjoint operators acting on a Hilbert space H and assume 
that keri? = {0}. Let R — (sgni?) \R\ be the polar decomposition of R and let Set. We say 
that R and S are in Zakrzewski relation, R — o S whenever 

(1) sgni? commutes with S, 

(2) \R\ iX S \R\- iX = e hx S for any Ael. 

Note that sgni? in the above definition is unitary selfadjoint operator. It is known that if both 
operators have trivial kernels and i? — ° S then [20j Example 3.1] the operators e lh ^ 2 S~ 1 R and 
e tfi ' 2 5i? _1 are selfadjoint and 

sgn fe^S^R] = sgn (e^SRT 1 ^ = (sgni?) (sgn £). 

Now the precise meaning of (|4.6[) is that a — o b, i.e. for any A £ R 

where ft is a real constant such that 

q 2 = e- ih . (4.7) 
Note that setting A = — i we get (|4.6|) . In what follows we shall assume (mainly for technical 
reasons) that < H < j. 

Next we expect that formula for comultiplication A will be of the same form as (|4.1j) . In 
particular A (a) and A(b) should be selfadjoint operators and A(a) — o A(b). But, in general, 
a ® b + b (gi i is a symmetric and not selfadjoint operator. Nevertheless, if it admits selfadjoint 
extensions, then a properly chosen one should be used in formula for A (b). One can look for such 
an extension in a class associated with reflection operators. 

Let us recall that if Q is a symmetric operator acting on a Hilbert space H then any unitary 
selfadjoint operator p, i.e. p* — p and p 2 = I is a reflection operator for Q if p and Q anticommute. 
Let 

[Q]p = Q* I {xev(Q') ■ (p-i)xev(Q)} ■ 
Then it is known (cf. [201 Proposition 5.1]) that [Q] p is a selfadjoint extension of Q. 

Now the right hand side of the formula (|4.ip for A (b) should be replaced by some selfadjoint 
extension of the form 

A(6) = [a® o + 6® I] p . 

It turns out that to define the reflection operator p one have to use an additional operator (3 
which is independent of a and b: [3 is a selfadjoint unitary commuting with a and anticommuting 
with b. In particular this means that the algebra A has to be enlarged, i.e. it is no longer generated 
by log a and b. 

Such an approach to the quantum 'ax + V group using additional operator (3 was presented in 
[2~4"| . Its main result states that within this scheme the quantum group exists only for a very special 
values of the deformation parameter: h = 2fc ^ 3 , k = 0, 1, . . .. On the other hand considerations 
of [24j seemed to indicate that to remove the quantization of the deformation parameter a further 
enlargement of the C*-algebra A is required. In fact the C*-algebra constructed in [21] admits 
S 1 as group of automorphisms and these automorphisms play a crucial role in a construction of 
the more general quantum l ax + V group. This was presented in [8]. It was shown that now the 
quantum l ax + V groups do exist for h running over an interval in R. 

In further considerations s denotes a fixed element of S . This is a new deformation parameter 
and later on we describe its relation to h. At the first step in the construction we describe a 
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C*-algebra A. It depends on four operators, beside a and b it involves a reflection operator (3 and 
a unitary operator w. 

Let us consider the Hilbert space L 2 (R x S 1 ) and let 

(a lT x) (t,z) = e hT/2 x(e hT t,z), 
(bx)(t,z) =tx{t,z), 

((3x)(t,z)=x(-t,z), [4 -*> 
(wx)(t,z) = s x{t< ^zx{t,z). 

for any r G K and any i 6 L 2 (l x S 1 ). Therefore a is the analytic generator of the one-parameter 
group of unitary operators corresponding to homothetic transformations of R and the multiplica- 
tion operator b is selfadjoint on its natural domain consisting of all x such that \tx(t, z)\ is square 
integrable over RxS 1 . Operators (3 and w are unitary and (3* = (3. One can verify that 

a > and a — o b, 
a(3 = Pa and b(3 = -(3b, (4.9) 
w*aw — a, w*bw — b, w* (3w — s sgnb /3. 

Note that Ad w is an automorphisms of an algebra related to operators a, b and (3 due to the last 
equations of (|4.9p . Now one can prove (cf. [8J Theorem 4.1]) 

Theorem 4.3. Let 

norm closed 

A = {[ fl (b) +m b)] 9{ lo g aW: %lf^ C k fi } lin ° ar CnVClOP ° ■ (4.10) 

Then 

(1) A is a non degenerate C* -algebra of operators acting on L 2 (R x S 1 ), 

(2) \oga,b,ib(3 and w are affiliated with A: log a, 6, ib(3, wnA, 

(3) \oga,b,ibf3 and w generate A (in the sense of |18l 117] . 

At the second step of the construction, quantum 'ax + 6' group is presented as a quantum group 
of unitary operators. To this end for some Hilbert space K, according to the Definition 14.11 one 
has to describe a unitary element V £ M(K,(K) ®A) satisfying corresponding conditions. Clearly 
V should depend on operators a, b, (3 and w and possibly a special structure of K is required. 

At first we recall some special function. This is a modified version of the quantum exponential 
function introduced in [20, . For SgR such that < h < ? let Gn be the function defined for any 
(r, q) G R x { — 1, 1} by the formula 

!Ve(logr) for r > 

[I + i Q\r\i]Ve (log \r\-iri) for r < 0, (4.11) 
1 for r = 0, 

where 9 — =£■ and V$ is the meromorphic function on C such that 

V/ 9 (z)=exp{-L f°° log(l+t- e )-^- i 
L 2m J t + e z 

for all z £ C such that |9fz| < n. 

It is known that Gn is a continuous function which takes the values in the unit circle of the 
complex plane, Gn G C(R x { — 1, 1}, S* 1 ). Therefore for any pair of commuting selfadjoint operators 
(T, t) and r unitary acting on a Hilbert space H the operator Gk(T,t) makes sense by the 
functional calculus and is unitary. The function Gn plays a key role in a theory involving operators 
R and S satisfying Zakrzewski relation. It has many interesting properties. We shall recall two of 
them. 

Let R and S be selfadjoint operators acting on a Hilbert space H such that keri? = {0} = kerS* 
and R^> S. Let 

T = e^S^R. 

Then T is a selfadjoint operator with trivial kernel, sgnT = (sgni?) (sgnS 1 ), T — ° R and T -o S. 
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• Let t G B(H) be unitary and selfadjoint operator such that Rt = —tR and St = —tS. 
Then 

(1) T commutes with r. 

(2) R + S is a closed symmetric operator, r is a reflection operator for R + S and the 
corresponding selfadjoint extension is unitary equivalent to R and S: 

[R + S] T = G h (T,T)*SG h (T,r) 

= G h {T- 1 , T )RGn{T-\r)*. 



(4.12) 



(4.14) 



• Let p and a be unitary and selfadjoint operators on H such that 

pR = Rp, pS = —Sp and oR = —Ra, aS — Sa. 

ITT 2 

For a = i we set: 

t = apax(S < 0) + aapx(S > 0). 

Then 

(1) r is unitary and selfadjoint operator, r commutes with T and i?r = —tR, St = —tS. 

(2) a := Gfr(T,T)*aGfr(T,T) is unitary selfadjoint operator commuting with the selfad- 
joint extension [R + S] T corresponding to the reflection operator r. 

(3) Gfr satisfies an exponential type equality: 

G h (R, p)G h (S, a) = G h {[R + S] T , a) 

= G h (T,T)*G n {S,a)G H (T,T). (4 ' 13) 

Now we describe the relevant structure of the Hilbert space K. It is determined by a quadruple 
of selfadjoint operators (a, b, (3, L) acting on K and such that 

i) a > 0, kera = {0} = kerb and a -o 6, 

ii) (3 is a unitary and selfadjoint, /3a = a (3 and (3b = —b/3, 

Hi) Sp L C Z and L strongly commutes with a and b, 

iv) (3 L(3 = L — sgn&. 

Using the above structure we have (cf. [51 Theorem 4.2 and 4.3]) 
Theorem 4.4. Let 

V = G h (b® b, (3® (3)* exp f~loga®logaj (I<g>u;) £ ® J . (4.15) 

(1) y is a unitary operator and V G M(fC{K) ® A). 

(2) A is generated by V G M(JC{K) (g) A). 

(3) T/iere exists A G Mor (A, ^4 (g) vl) smc/i i/iai (id ® A)V = V12V13 i/ and oniy i/ 

7T 

h = —, where pgi, p > 2 and e lTrp = -s. 

We focus only on the last statement and sketch the main points of the proof. 
The basic idea is to find a unitary operator W acting on K (g> L 2 (R x S 1 ) <g> L 2 (M x S 11 ) such 
that 

V 12 V 13 = W'V 12 W*. (4.16) 
Let L be an operator on L 2 (M. x S 1 ) introduced by the formula 

{Lx)(t,z)=z-^x{t,z). (4.17) 

Then L is a selfadjoint operator such that Sp L C Z. Moreover it commutes with a, 6 and /3 and 
w* Lw = L + I. In particular the last relation implies that 

(7 ® w) L ® / (w <g) /)(/ <g> w)~ mi =w®w. (4.18) 
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For 2 

a = iexp(^-) (4.19) 



2h J 



we set 

T = 7 ® e^&^a ® 6, 



t = (7 ® (3w~ sgn 6 ® (3) as~ x x(b ® b ® 7 < 0) + a\{b ® b ® I > 0) 
Then T and r are selfadjoint operators, r is unitary and TV = tT . Let 



(4.20) 



W = G h (T, t)* exp ( --7 ® log |b| ® log aj (I ® I ® W y® mi . (4.21) 

Then W' is a unitary operator and using properties of Gn, relations (|4.9p and ( (|4. 14[) ) one can 
show that equation (|4. 16[1 is satisfied. Now assume that there exists A £ Mor (A, A ® A) such 
that (id ® A)V = V12V13. We have to analyze a formula (cf. (|4.16p ) 

(id® A)V = WV12W*. (4.22) 

C* = £(Jf) ® -A and let 

Ai(c) = (id® A)(c), A 2 (c) = W'{c® I)W*. 

for any c £ C. Then Ai and A2 are representations of C acting on the same Hilbert space 
K ® L 2 (R x S 1 ) ® L 2 (M x S" 1 ) and Ai(V) = A 2 (V). Using the generating property of V and 
definition of W' one can show that this implies 

6® A(6) = 14" (6® 6® 7) = G n {T,T)(b®b®I)G h {T,T)*. 

On the other hand using properties of G^ (cf. formula (|4.12[) with R = 6® 6® 7 and S = a (8) 7® 7) 
we get: 

6®A(6) = 6®a®6+6®6®7 . (4.23) 

J r 

Taking into account the sign of 6 this implies in particular 

A(6) = [a ® 6 + 6 ® J] T+ = [a ® 6 + 6 ® I] T _ (4.24) 

where 

J r+ = (fiw~ sgnfc ® /3) [as- 1 x(6 ® 7 < 0) + a X (b ® I > 0)] , 

I r_ = (/3io- sgn 6 ® /?) [as~ 1 x(6 ® I > 0) + a X (6 ® I < 0)] . ( ' 4,25 ^ 

Now one proves that in this case the reflection operator is determined by the selfadjoint extension, 
t + = r_. Therefore s = a 2 and remembering that < h < ^ we obtain that h is of the form 
H = ~, where p e]2, 00 [ and e™ p = — s. 

Conversely, assuming that /i is of such a form we check that as -1 = a, t = J® af3w~ sgn b ® /? = 
I ® aw sgn fc /3 ® /? and (cf. (|42T]l ) VF = W 23 = I ® where 

W = G ft (e ifi / 2 6- x a ® 6, aw sgn b /3 ® /?) * exp ^-1 log |6| ® loga^) (7®w) w . (4.26) 

Therefore (cf. flOBj) ) 

y 12 Vi 3 = W-aVkWJ,. (4.27) 

Now let 

A(c) = W(c® 7)Vy*. (4.28) 
for any c £ A. Clearly A is a representation of ^4 acting on L 2 (K x S 11 ) ® L 2 (lx 5 1 ) Remembering 
that V £ M{K{K) ® A) we have 

(id® A)V = V 12 V 1Z . 

Since the right hand side of the above formula belongs to M(JC(K) ® A ® A), the operator (id ® 
A)V £ M{K{K) ® A ® A) and A e Mor (A, A ® A) due to the fact that A is generated by V. 
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Let us note that formula (|4.28p applies to any element affiliated with A as well. Then for 
generators of A one obtains 

A(o) = a <8> a, 

A(b) = [a®b + b®I} awSgnbm/3 , 
A (f3 \b\ p ) = [(w ® /)-«**" V g, /3 | 6 |P) + p \h\* ® /] _ sgn(b0fc) , ( 4 - 29 ) 
A(w) = u; (g) w. 

This way we have constructed the C*-bialgebra (^4, A). To prove that this is a quantum group 
one has to look for the multiplicative unitary. Let us observe that the possible choice for (a, b, f3, L) 
is K = L 2 (R x S 1 ) and for a e S 1 such that a 2 = s: 

(a, b, % L) = (Ibf 1 , e in l 2 b~ x a, aw ssnb (3, L). (4.30) 

Then all properties (|4.14p are satisfied and in this case operators V and W coincide, V — W 
(cf. formulae (|4. 15[) and (|4.26|l ) and by (|4.27|) operator W satisfies the pentagon equation: 

W 12 W 13 = W 23 W 12 W* 3 . 

In fact 8, Theorem 5.2]: 

Theorem 4.5. W is a modular multiplicative unitary operator acting on L 2 (R x S' 1 )(8)L 2 (]R xS 1 ). 

We conclude the section with a comment on the "size" of the group 'ax + 6' . This notion reflects 
the fact that the construction of the C*-algebra A for quantum 'as + V group besides operators 
a and b involves additional operators such as (3 and w. Let us consider any representation ir of A 
such that 

(1) kervr(6) -{0}, 

(2) 7T is faithful. 

Then due to Zakrzewski relation operators log7r(a) and log 7r(|6|) satisfy canonical canonical com- 
mutation relations. Therefore by Stone-von Neumann theorem tt is a multiple of the unique 
irreducible representation of such relations. By definition, the size of l ax+b' is the smallest possible 
771^. As a result the quantum l ax + V groups constructed above are of infinite size. Nevertheless 
for the special cases of deformation parameter q 2 = e _t ™ being a root of unity one may pass to 
the groups with a smaller size. If this is the case then the parameter s(= a = —e~) is the root 
of unity as well. Assume that N is the smallest number such that s N = 1. Then using (|4.9p one 
can verify that w N is in the center of A. Let Cjv denote the closed ideal in A generated by the 
relation w N — I — and An = A/Cn be the quotient C*-algebra. Then the canonical map tt is 
a morphism, tt S Mor (A, An) and there exists Ajv G Mor (An, An ® An) such that 

A N (n(c)) = (tt ® tt)A(c) 

for any c G A. Now quantum 'ax + V group at roots of unity may be described as (An, Ajv)- One 
can prove that its size is 2A^. 

The minimal value of the size is 2. Let us note that the old quantum 'ax + V groups described 
in |24j are of size 2 and it is known that they are the only ones with size 2. 
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